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1 Singular Homology Theory (Cont.)

1.1 Classical Theorems of Topology (Cont.)
LEMMA 1.1. Let F: R —— R+ be the reflection at a hyperplane H C R™ 1, Then we have in particular
F € O(n+ 1) with det(F) = —1 and hence F(S™) C S™. Write f = Flsn. Then deg(f) = —1.

COROLLARY 1.2.
(i) For any orthogonal map A € O(n) we have deg(Alsn—1) = det(A).
(ii) The antipodal map —id: S™ — S™ has degree deg(—id) = (—1)" "1
(iii) If f: S™ — S™ has no fixed point then deg(f) = (—1)™"1.

THEOREM 1.3 (Hairy Ball Theorem). The n—sphere S™ admits a continuous vector field without zeroes if
and only if n is odd.

Proof. If V is such a vector field then we may assume that ||V(p)|| = 1 for all p € S™. Consider the
homotopy H: S™ x [0,1] — S™ given by

H(p,t) = cos(t)p + sin(t)V(p).

It is a homotopy from id to —id which is impossible unless n is odd because of corollary 1.2.
If n = 2k — 1 is odd then

V(x1,...,%ak) = (X2, —X1,. .., X2k, —X2k—1)
defines a continuous vector field on S™ without zeroes. O
THEOREM 1.4. If 1 is even then Z* is the only nontrivial group which can act freely on S™.

Proof. Assume that a group G acts freely on S™. Consider the homomorphism d: G — Z* given by
d(g) = deg({y) where £y denotes the left translation by g. But {4 has no fixed point for g # e, hence
deg({y) = —1 by corollary 1.2. This implies ker(d) = 1 and that G embeds into Z*; i.e. G is either
trivial or Z*. O

THEOREM 1.5.
(i) If D C S™ is homeomorphic to the closed k—disk D* for any 0 < k < n then

ﬁi(S“ ~D)=0

forallieZ.
(ii) If S C S™ is homeomorphic to S* for any 0 < k < n then

Z, i=n—k—1

0, otherwise.

REMARK 1.6.
(i) For n = 2 the second part of theorem 1.5 is precisely the classical Jordan curve theorem.
(ii) In higher dimensions the complement of an embedded (n — 1)-sphere in S™ has 2 connected
components but in general these are not homeomorphic to balls; contrary to dimension n = 2.



The proof of this theorem uses a general tool to calculate homology. Assume a space X may be written
as X = A° U B° for subsets A,B C X. Write ia: ANB «— A,ig: ANB «— B,ja: A — X and
jB: B — X for the inclusions. Then there is a short exact sequence

0 — Co(ANB) 2Lt 08) o Ay oy (B) UAL 0Bl clxy g

where CU(X) denotes the chain complex of U-small chains in X for the cover U = {A, B}. Hence, one
obtains a long exact sequence

in homology; the Mayer-Vietoris sequence. Similarly, there is a long exact sequence

- — Hi(ANB) — Hi(A) ® Hy(B) — Hi(X) — - --

in reduced homology.

Proof of theorem 1.5.

(i)

For k = 0 it is clear that S* ~ D = R™. In general, let h: I* — D be a homeomorphism
and consider the open sets A = S™ ~ h(I*! x [0,1/2]) and B = S™ ~ h(I*~! x [1/2,1]). Then
AUB = S™ < h(I*! x {1/2}) and AN B = S™ \ D. By induction, we may conclude that
He(AUB) = 0. Mayer-Vietoris now implies that

0 — Hi(S™ D) — Hi(A) @ Hi(B) — 0

is exact for all i. Assume there is a nontrivial class « = [c] € lt{i(S“ ~ D). Then (ia)c is not a
boundary in A or (ig).c is not a boundary in B. By iterating this construction, we obtain nested
intervals I,,, C I of length 2™ for all m € N such that c is not a boundary in S™ ~. h(I*"! x I,,).
Let {p} = N Iin. By induction, c is a boundary in S™ \. h(I*~! x {p}), i.e. c = db for some chain b
in S™ \ h(I*"! x {p}). But then—by compactness—there is some large m, such that the support
of b avoids h(I¥~! x I,,,). Hence, b is actually a chain in S™ \ h(I¥~! x I,,,) and there ¢ = db is
a boundary contrary to our assumptions.

For k = 0 it is again clear that S™ ~ S ~ S"~!, In general, write S = D; U D, with D; = D¥ and
D; N D, =S¥, For A = S™ \. D; and B = S™ \. D, Mayer-Vietoris gives an exact sequence

++ == Hipa(A) © Hiia (B) — Hisa (AUB) — Hi(ANB) — Fi(A) © Hi(B) — -
i.e. by induction there is an isomorphism

N _ Z itl=n—k
Hi(AﬂB)—Hi(S“\S):{ thl=n 0

0 otherwise.

THEOREM 1.7 (Invariance of domain). If X C R™ is homeomorphic to an open subset of R™ then X itself
must be open.

Proof. Identify R™ with S™\{N}. Then it is enough to show that X is openin S™. Let f: X — f(X) C R™
be a homeomorphism onto an open subset f(X) C R™. Then, for all x € X there exists a neighbourhood
D C X of x such that D = D™ and 9D = S™!. Theorem 1.5 implies that S™ \. D is path—connected and
that S™ \ S has 2 path—connected components. Hence, D \ S is a path—connected component of S™ \ S
and as such is open because S™ \. S is locally path connected. Therefore, D\ S is an open neighbourhood
of x in S™ which finishes the proof. O



1.2 CW-Complexes and Cellular Homology

DEerINITION 1.8. Let X be a topological space and let A C X be a subset. One says that X is obtained from
A by attaching n—cells if there are maps @ «: ST:~! — A from the standard (n—1)-sphere S3—1 = §n~1
such that there is a pushout diagram

LI(XEI S&*l % A
[lwer Dx m X,

i. e. such that

_ Allger D
X = el /(x~(poc(x) for x € 0D}).

The n—cell e} is the homeomorphic image of (D})° in X.

DEFINITION 1.9. A topological space X is called CW-complex if it is obtained in the following way:
(i) The 0-skeleton X(®) =T ;€% is just a discrete topological space.
(ii) The n-skeleton is obtained from X™~! by attaching n—cells.
(iii) The space X is equal to the union J,,5, X" carries the “weak topology” or “colimit topology,’
i.e. a subset A C X is open if and only if A N X(™) is open for all n. > 0.

REMARK 1.10.
(i) IfXis finite-dimensional,i.e. X = X™) for some n > 0, then part (iii) of the definition is automatic.
(ii) The map Py : DT — X(™) < X is called the characteristic map of the n—cell e?. Note that
induces a homeomorphism between the interiors of D} and e}}.
(iii) The space X is finite, i. e. it has only finitely many cells, if and only if X is compact.
(iv) All CW-complexes are Hausdorff spaces.

ExAMmPLE 1.11.
(i) The n-sphere S™ is a CW-complex with two cells; one 0—cell, the north pole for instance, and
one n—cell, the sphere itself.
(ii) There are other CW-structures on S™. For example, one can start with S° and in every dimension
k attach two k—cells. Here, the k—skeleton is simply the k—sphere S*. This CW-structure has the
advantage of being invariant under the antipodal map. Hence, we get a CW-structure on RP"™
with one cell in each dimension and k-skeleton RIP*.

DEFINITION 1.12. Let X be a CW-complex. A subset A C X is called a subcomplex if A is the union of
cells of X such that if e} C A then also el C A.

REMARK 1.13. For each cell e C A in a subcomplex A C X one has that @ (SL™!) C A. In particular
A is a CW-complex itself.

ExaMmpLE 1.14. For any CW-complex, the k-skeleton X(¥) C X is a subcomplex. In particular, S* C S™
and RP* C RP™ are subcomplexes.

LEmMA 1.15. Let X be a CW—complex with a compact subset K C X. Then K is contained in some finite
subcomplex of X.



Proof. The subset K meets only finitely many cells, for suppose there exists a sequence x, i € N of points
in K such that the x; lie in distinct cells. Then S = {x;,...} C K is closed: Assume by induction that
SN XM=Y is closed. For each n—cell el} the preimage @ '(S) C ST~ is closed and hence {3 '(S) C D%}
is closed. This implies that S N X(™) is closed. Similarly, any subset of S is closed, whence S is discrete.
Hence, S being also compact, it is finite, contradictory to our assumption.

Now, every finite union of cells is contained in a finite subcomplex: For an n-cell ef}, consider
©o(S1) € X1, This is compact, hence by the previous paragraph it is contained in a finite union
of cells of dimension at most n — 1. By induction, we may assume that @ (S} ~!) is contained in a finite
subcomplex A C X. Hence, el is contained in the finite subcomplex e[y U A. Since a finite union of finite
subcomplexes is again a finite subcomplex the result follows. O

ProprosITION 1.16. Let X be a CW-complex. Then
(i) the relative homology Hy (X™), X("=1) is nonzero only for k = n and H, (X™),X("=1)) is the free
abelian group on the set of n—cells.
(ii) the n—skeleton has no homology in degree k > n, i.e. Hi(X(™)) = 0 for k > n. In particular, if X is
finite dimensional then it has no homology in degrees bigger than dim X.
(iil) the mapi.: Hi(X™) — Hy(X) induced by the inclusion i: X™) < X is an isomorphism for k <
.

Proof.
(i) Observe that (X(™),X("=1)) is a good pair: If X(™) arises from X"~V by attaching n—cells DT for
« € I then a neighbourhood which deformation retracts to X(™~!) may be obtained by attaching
D™ < {0} for « € 1. Also, the quotient X(™) /X("~1) is just

X/ xm=t = \/ sp.

acl

We obtain ~ ~
) = i (V 3) = sy

xel xel

which gives the result.
(if) Look at the long exact sequence of a pair:
e Hign (XM, X)) — H (X)) — H (X)) — Hi (XM, XOD) —
Part (i) implies that this sequence gives rise to isomorphisms
Hie (XM) = H (XMY) =5 oo = H (X)) =0

fork >n > 0.
(iii) The same long exact sequence as in (ii) give rise to isomorphisms

Hie (X)) = Hy (X)) 2 > Hy (X))

for k < n and any m > 0 which are induced by the obvious inclusions. This proves (iii) for
finite dimensional X. In general, i,: Hy (X(™)) — Hy(X) is injective: Take [c] € H (X(™)) such
that i,([c]) = 0 € Hy(X), i.e. there exists some b € Cy(X) with 0b = c. But b has compact
support, hence b is chain in Cy (X™*™) for some m > 0 because of lemma 1.15. This implies that
[c] = 0 € Hi(X™*™)) and the result for finite dimensional X implies that [c] = 0. Surjectivity
may be checked analogously. O



Now, look at the long exact sequences of (X(™+1) X)) (X X(n=1)) apd (X(n—1 x(n=2))

Hn (X))
n-—100n
Hi (XWX == oy H (X, X)) - 222 b Hipy (X1, X(02))
/ \ jn—
Hn—l (X(nil))

Write dp 41 =jn ©0n41 and dyy = jn—100n. Then d,, 0odn 41 = 0. Hence, we obtain the so called cellular
chain complex (CSV, d,) where CSW = H,, (X(™), X"V} and d,, = jn_1 © 9. By passing to homology
we get the cellular homology groups HSW(X) = H,, (CSW, d,).

REMARK 1.17. The reduced homology Ha(S™) is canonically isomorphic to Z. A preferred isomorphism
is given as follows: For n = 0 the homology Ho(S°) is just the kernel ker ¢ of the augmentation ¢ and
we map n(x; — xg) to n; here S® = {x¢,%;}. For n > 1 we can use the Mayer—Vietoris sequence for
S™ =D} UD™. It implies that the boundary map Hn (S™) — Hp_1(S™ 1) is an isomorphism.

As a consequence the isomorphism H,, (X(™),X("=1) = 7 only depends on the attaching maps
@i SET— X1,

PrOPOSITION 1.18. There is an isomorphism HSW(X) = H, (X) for alln € Z.

Proof. From the long exact sequence of the pair (X(™+1), X(™)) and proposition 1.16 we have an isomor-
phism H, (X) = H,(X™))/imd, ;. On the other hand, because of H, (X" 1) = 0 the map j,, is
injective, hence H,,(X) = imj,/kerd, ;. Now, exactness at H, (X(™),X("~1)) implies that we have
imj, = kerd,, = ker d,,. Hence, H,,(X) = kerd,/imd,, ; = H{V(X). O

Consider the commutative diagram

Hy (X, X1y 4y (x(n=1) x(n=2))

l% !

@cxel L @Be] ZB

(dap)ep
where I parameterises the n—cells of X and ] the (n — 1)—cells of X, i. e.
dn(el) =) dupep
BeJ
for dup € Z.
LEMMA 1.19. The integer d«p is the degree of the composite map

Snfl P o X(nfl) X(nil) ~ Snfl
[0 (X(T’L*l] N egil) [8) .



Proof. Consider the diagram ...

REMARK 1.20. There is a canonical injection ﬁk(X) —— Hy(X), more precisely, the augmentation
e: Co(X) — Z induces a split short exact sequence

0 — Ho(X) — Ho(X) -5 Z — 0.

REMARK 1.21.

(i)
(ii)
(iii)

If X is a CW-complex without n-cells then H,, (X) = HEV(X) = 0.
More generally, if X has k n—cells, then H,, (X) is generated by at most k elements.
In particular, if X is a finite CW—-complex, then H, (X) is finitely generated.

ExaMPLE 1.22.

(1)

(iii)

Real projective space RP™ has a cell decomposition RP™ = e°U- - -Ue™ where the attaching maps
@: Sk 1 — X(k=1) = RP*! = S*~1/7X are just the quotient maps. For n = 2 the cellular chain
complex has the form

0—7-27 57 49

where d, = deg(S! — S') = 2 with S! — S! the nontrivial double cover and the second map
is d; = deg(S® — /() = 0. Hence, the homology of RP? is

Hz(X) :kerd2 =0
H;{(X) =kerd,;/imd, =7Z/2
Ho(X) =7Z/imd; = Z.

Let X = X4 be the orientable surface of genus g. It is a quotient of a 4g-gon and has a cellular
decomposition with X(1) = \/?9_ Sl and X(2) = X. One obtains the cellular chain complex

0—s 7 -2y @Z&ZHO

ai,bi

with d; = 0 and d,,, = deg(S' — XV — X(1/(X(1) { el)) for x € {ai, b;}. Now, a moment’s
thought reveals d;x = 0. Hence,

Hy(Ly) = Z

H; (Zg) =77

Ho(Xg) =Z.
Consider complex projective space CP" = C"*/C* = §?"+Y/S! It is parameterised by homo-
geneous coordinates [zy : --- : zn] and one can always choose z, to be real and nonnegative.
Considering D% = {(zo,...,zn) € S : 2,11 € R} one sees—with the equivalence relation

~ such that z ~ Az for A € S! and z € 9D?"—that one can write complex projective space as
CP" = D**/~ = CP™ ! U e*™ with attaching map ¢: $?*~! — CP™ ! just the quotient map.
Inductively one obtains a cell decomposition CP™ = e’ U e? U - - - U e?™ and hence the homology

Z kevenand 0 <k <2n
0 otherwise.

Hy (CP™) = {



Our next goal is to compute the homology He (RP™). First, we need a tool to compute degrees of maps
f: S* — S™ for n > 1. Suppose that there exists some y € S™ such that the fibre f~!(y) = {x1,...,Xm}
is finite. Then there exists an open neighbourhoods V C S™ of y and U; C S™ of x; such that the U; are
pairwise disjoint and f(U;) C V. In particular, f(U; ~{xi}) C V ~{y}. From this we obtain the following
commutative diagram:

Since there is a canonical isomorphism Hy, (S™) = Z, the groups Hy, (U;, Ui \xi) and Hn (V, V\y) are
also canonically isomorphic to Z. Hence, the map f..: Hy (Uj, Ui ~xi) — Hy (V, V\y) is multiplication
with some deg flx, € Z, the local degree of f at x;.

ExampiE 1.23. If f: S™ — S™ is a homeomorphism, then for any y € S™ the fibre over y has cardinality
#f71(y) = 1 and deg fl¢-—1(y) = deg f € Z*.
ProprosITION 1.24. One always has
n
degf = Z deg fly, .
i=1
Proof. By excision the inclusion

[0 Ui ~oxi) < (S™, 8™ N £ (y)

i=1

induces isomorphisms on homology

m
D Ha (U, Us N xi) == H (S™, 8™\ £ (y)).

i=1

We obtain a commutative diagram

A" Hu (U, U ~x5) —— Ho (S™,S™ N 1 (y)

= [

Hi (U, U \xi) ———— Hn(S™, 8™ N xq)

and a short diagram chase reveals

m

(1) =) ki(1) € Hy(S™, 8™~ £ (y)).

i=1
On application of f, one sees

m

degf=1.(5(1) = Y _f.(ki(1) =) _degfly,. =

i=1
For RP™ = e™ U - - - U e° we obtain the cellular chain complex
0—Z%z2— .  —72-%7-—0
and it remains to compute the differential di.. We have dy = deg f for the composition

fr okl @y ppk-t 9y RP*




Embedding S*~2 into S*~! as the equatorial sphere yields S*~! \ S¥~2 = (D¥"1)° U (D*"1)° and f
restricts to embeddings f.: (DX !)° — S*~! such that f_ = f, o 1 for the antipodal map T = — id.
Denote by N and S the north and south pole of S*~! respectively. Then

2 keven

deg f = degfln +degfls =1+ (—1)% =
et = deg iy +degfls 1) {0 K odd.

Hence, for even n the cellular chain complex looks like

0—2Z-52257—5 ... —7Z-57—50
and for odd n it looks like

0—2-72"572— ... —7-7—0.
Hence, we obtain the homology

Z k =n and n odd
Z/2 koddand0<k<n
Z k=0

0 otherwise.

Hy (RP™) =

For a finite CW-complex X we can define an Euler—characteristic of X:

DeFINITION 1.25. The Euler—characteristic of X is

(—1)k cx €7

M

X(X) =

~
|

0
where cy is the number of k—cells of X.

A priori it is not clear that x(X) is a topological invariant of X. However, we have the following result.

PRoOPOSITION 1.26. For a finite CW-complex one has

X(X) =) (~1)* k Hy(X).

k=0
The number by, = rk Hy (X) is also called the k™ Betti number of X.
Proof. Look at the cellular chain complex
OHCn%Cn,lﬂ...HCOHO

where the abelian groups Cy are finitely generated. Write Zy = ker dy, By = im di; and Hy = Z/By.
We obtain short exact sequences

OHZkHCk&Bk_1*>O



and
00— By —Zx —> Hy —0.

Now, it is well known that rank of finitely generated abelian groups is additive over short exact se-
quences. Hence, rk Cy = rk Zy + rk By and rk Zy = rk By + rk H. In summary, we obtain

x(X) =) (—1)fc =

(~D%bi+ ) (~1)* tkBiy + ) (~1)* rkBy =
k=0 k=0

M T T

(—1)* rk Hie(X). O

i
(=]

ExampLE 1.27. Denote by Z, the closed oriented surface of genus g. From our computation of the
homology H.(X4) we immediately obtain x(Z4) =2 — 2g.
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2 Homology with Coefficients & Cohomology

2.1 Categories and Functors

DEFINITION 2.1. A category C consists of
(i) a class of objects Ob(C).
(ii) for each pair (X,Y) of objects of € a set of morphisms C(X, Y) together with distinguished elements
idx € €(X,X) for all X € Ob(C).
(iii) for each triple (X,Y, Z) of objects of € a composition map

C(X,Y) x C(Y,Z) = C(X,Z)

written as o(g, f) = fog paralleling composition of functions of sets. This composition is supposed
to be associative and to have identities, i.e. (fog)oh = fo(goh) andidof = f = foid, whenever
these equations make sense.

REMARK 2.2. A category C where Ob(C) is in fact a set is called small. Sometimes our concept of category
is called a locally small category in the literature, since morphisms are supposed to form sets.

ExampLE 2.3. Examples of categories abound:
(i) There is a category Set of sets with functions as morphisms.
(ii) There is a category Top whose objects are topological spaces and whose morphisms are continu-
ous maps.
(iii) There is a category Ho(Top) whose objects are topological spaces and whose morphisms are
homotopy classes of continuous maps.
(iv) There is a category Top? whose objects are pairs (X, A) of topological spaces and whose mor-
phisms are maps of pairs.
(v) There is a category Top, whose objects are pointed spaces and whose morphisms are basepoint-
preserving maps.
(vi) There is a category Grp of groups with group homomorphisms.
(vii) There is a category Ab of abelian groups with group homomorphisms. This is called a full sub-
category of Grp, it has the same morphisms but fewer objects than Grp.
(viii) There is a category k—Vect of vector spaces over a field k with k-linear maps.
(ix) There is a category R-Mod of R—modules with R-linear maps.

DEFINITION 2.4. Let € and D be categories. A covariant functor F: € — D consists of an assignment
F: Ob(€) — Ob(D) together with assignments F: C(X,Y) — D(FX, FY) for all objects X,Y € Ob(C)
such that F(f o g) = Ff o Fg and Fid = id whenever these equations make sense. If there is no danger of
confusion, we write f, instead of Ff.

Similarly, a contravariant functor F: € — D is an assignment on object together with assignments
C(X,Y) — D(FY, FX) such that F(f o g) = Fg o Ff and Fid = id. If there is no danger of confusion we
write f* for Ff if F is contravariant.

ExampLE 2.5. Examples of covariant functors abound:
(i) The fundamental group defines a functor m;: Top, — Grp. Similarly, there are homology
functors H,, : Top — Ab and H,,: Top* — Ab.
(ii) For any category C and any object X there is a functor (X, _) = Hom(X,_): € — Set such that
Hom(X, f)(¢@) =fo @.
(iii) There are various forgetful functors obtained by forgetting structure, for example Top — Set
or Ab — Grp.

11



Examples of contravariant functors include:
(i) For a category C and an object Y there is a functor €(_,Y) = Hom(_,Y): € — Set such that
Hom(f,Y)(p) =@of.
(if) The contravariant functor Hom(_, k) in the case of k—Vect factors through the category of vector
spaces. This is simply the functor mapping a vector space to its dual.

DEerFINITION 2.6. Let € and D be categories with functors F,G: € — D. A natural transformation
1n: F— G assigns to each object X € Ob(C€) a morphism 1x: F(X) — G(X) such that

F(X) /5 G(X

o ]

F(Y) —— G(Y)

ny

)
(1

9]

commutes for all morphisms f: X — Y. There is of course an analogous definition in the contravariant
case.

ExampLE 2.7. For any pair (X, A) the connecting homomorphism 9;,: Hn (X,A) — Hpn_;(A) in the
long exact sequence defines a natural transformation between the two functors F and G defined by
F(X,A) = Hn(X,A) and G(X,A) = Hn—1(A).

2.2 Homology with Coefficients

Let G be an abelian group. The idea of homology with coefficients is to apply the functor _ ® G to the
singular chain complex of a space X and to take homology afterwards. In this sense, one obtains a chain
complex with coefficient in G.

Recall, that for abelian groups A and B the tensor product ®: A x B — A ® B satisfies the following
universal property: For any Z-bilinear mapping b: A x B — C there exists a unique Z-linear map
b: A ® B— C making the diagram

commutative. This property characterises the tensor product of A and B up to unique isomorphism.
Furthermore, given homomorphisms ¢;: A; — B; and ¢,: A; — B there exists a unique homo-
morphism @; ® @z: A; ® A, — B; ® B, such that

A]XA2L>A1®A2

(Plxtpzi l(m@(t)z

BIXBZT}BI@)BZ

is commutative. It is immediate that this makes _ ® _ into a bifunctor Ab x Ab — Ab. This functor
is symmetric and restricts to functors _ ® G for any abelian group G.

Given a topological space X define the singular chain complex of X with coefficients in G, written
Ce(X; G), to be the tensor product Co(X) ® G.

DEFINITION 2.8. For an abelian group G the homology H,,(X;G) = H,,(C4(X;G)) is called the n'
singular homology group with coefficients in G.

12



REMARK 2.9.
(i) Itis clear that Co(X;Z) = C4(X) and H,,(X;Z) = H, (X).
(i) Any homomorphism ¢@: G — H of abelian groups G and H induces a functorial chain map
@+ Co(X; G) — Co(X; H), whence a map @.: Hn (X; G) — H;,, (X; H) on homology, which is
natural with respect to maps f: X — Y

Of course, there is a corresponding notion of relative homology with coefficients. Define the rel-
ative chain complex Co(X,A;G) = Co(X;G)/Cqe(A;G) with coefficients in G and relative homology
Hn (X, A;G) = Hi (Co (X, A; G)). Similarly, one may define reduced homology with coefficients by ten-
soring the augmented singular chain complex with G, i.e. Han(X; G) = Hn (Co(X) ® G).

REMARK 2.10. All the properties of singular homology, e. g. functoriality, the long exact sequence, ho-
motopy invariance, excision, Mayer—Vietoris, carry over to homology with coefficients.

ExaMmpLE 2.11. The computation of the following examples carries over to homology with coefficients:
(i) He(xG) =0. N
(i) Hn(S™;G) = G and Hi(S™;G) = 0 for k # n.

Once we have the computation of the reduced homology of spheres available, the development of
cellular homology with coefficients works analogously. One defines

CRY(X:G) = Ha (XM, X1, G) = (P G

xel

with boundary operators dn: @, Ga — @Dy Gp as before. In fact, the matrix elements (dn)ap of
these boundary operators are given by the same mapping degrees as before:

LEMMA 2.12. If f: S™ — S™ has degree m € Z, then f,: Hn(S™; G) — Hy (S™; G) is again multiplica-
tion by m.

Proof. For g € G consider the unique homomorphism ¢: Z — G mapping 1 to g. Consider the
commutative diagram

Ha(S™7Z) — Ho(S™7)

0| Je-

Hn(S™G) —— Ha(S™G)
and chase 1 € Z = ﬁn(S";Z). It follows, that, relative to the identifications ﬂn(S“;Z) = 7 and

ﬁn(S“; G) = G, we have
f*(g) = f*(p*(l) = (p*f*(l) = deg(f)g O
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ExAMPLE 2.13.
(i) The cellular chain complex of RP™ with coefficients Z/2 looks like
CSW(RP™,Z/2) =0 — 7Z/2 - 7/2 2% .. -5 72/2—0
for odd n and like
CSW(RP™,Z/2) =0 —7/2 % 72/2-% ... -5 7/2—0
for even n. It follows that

Z/2 0<k<n

Hy (RP™;Z/2) =
{ /2) {0 otherwise.

(i) If k is a field of characteristic char(k) # 2, then 2: k — k is an isomorphism and the cellular
chain complex looks like

CW=0—k—Sk=-k—...—k—0
for odd n and like

CW=0—k—->k—Sk—=..-5k—0
for even n.. Hence, we obtain the homology

k m=nodd
H, . (RP"“k)=<k m=0

0 otherwise.

2.3 Cohomology

Let G be an abelian group. Apart from taking the tensor product with G we could also apply the con-
travariant functor Hom(_, G) to the singular chain complex C,(X) of a topological space X. Recall that
any group homomorphism ¢: A — B between abelian groups A and B induces a group homomor-
phism @*: Hom(B, G) — Hom(A, G) by precomposition. This is the action of the functor Hom(_, G)
on morphisms. Define
C™(X; G) = Hom(Cn (X), G).

Elements @ € C™(X;G) are called singular n—cochains with coefficients in G and may be identified
with a function @: A, (X) — G (because C,(X) is free on A, (X)). Define the coboundary map
m: CM(X;G) — C™Y(X;G) by 8™ = 0%, ;. In this way, we obtain the singular cochain complex
C*(X; G) with coefficients in G:

C*(X;6) =... — C" (X 6) 255 C™ (X 6) 25 CH(X: G) — ...
The action of 6™ is given more explicitly by

3" (@)c = @(Ony1c)

for every cochain ¢ € C™(X;G) and every chain ¢ € C™*!(X;G). More generally, we call every se-
quence diagram

n—1 n
JEREY et R M g UMY LIS UG
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with §™86™~1 = 0 a cochain complex. Observe that there is really only a difference in notation between
cochain complexes and chain complexes. Hence, we will silently use all our results about chain com-
plexes for cochain complexes to; perhaps with the prefix “co” to avoid confusion. In particular, we have
the cohomology H™(C®) = Z™(C*®)/B™(C*®) of a cochain complex C*(X). Dual to the case of chain
complexes, elements of Z™ = ker 8™ are called n—cocycles and elements of B™ = im§™~! are called
n—coboundaries.

If C* = Hom(C,, G) arises by dualisation of a chain complex C,, then

+ @ € C™"isan n-cocycle if and only if "¢ = 0, i. e. ¢ vanishes on B, C C,,.
+ @ € C™ is an n—coboundary if and only if there is some ¢’ € C"~! such that " 1o’ = ¢.

DEFINITION 2.14. For a topological space X the group H™(X; G) = H™(C*(X; G)) is called the n* singular
cohomology group of X with coefficients in G.

Let’s look more closely at a few special cases. For n = 0 a 0-cochain ¢ € C°(X; G) may be identified
with a function @: X — G. This function is a cocycle if and only if ¢(o(1)) = @(0(0)) for all paths
0: I — X, i.e. @ is constant on path—components. Hence, we obtain the explicit description

HY(X; G) = G™™X) = Hom(H,(X;Z), G)

for the 0t singular cohomology group of X.

We can define a reduced version of cohomology by applying the functor Hom(_, G) to the reduced
singular chain complex C,(X) and taking cohomology. After applying Hom(_, G) we have the cochain
complex

C*(X:G) = 0 —s Hom(Z, G) < C°(X: G) —1s C'(X: G) -2 ..

where €: Co(X) — Z denotes the augmentation map. Hence, we obtain the reduced singular cohomol-
ogy of X with coefficients in G as

H*(X; G) = H¥(C*(X; G)).

In degree k = 0 we have (e*A)(x) = A(1) € G for x € X and A € Hom(Z, G). Hence, im £¢* consists
of the constant functions ¢: X — G. By identifying G with constant functions X — G we obtain a

short exact sequence B
0— G— H'X;G) — H°’(X;G) — 0.

Similarly, we can define a relative version of cohomology; simply apply Hom(_, G) to the relative
chain complex Co(X,A) = Co(X)/Cq(A) to obtain the cochain complex C*(X,A;G) and take coho-
mology to obtain the relative singular cohomology H™(X, A; G) of a pair (X, A) with coefficients in G.
Cochain ¢ € C™(X,A; G) may be identified with cochains ¢ € C™(X; G) vanishing on C,,(A). In fact,
C*(X,A;G) C C*(X; G) is a subcomplex.

Applying the functor Hom(_, G) to the tautological short exact sequence

0— Co(A) 5 Co(X) 225 Co(X, A) —3 0

we obtain an exact sequence of cochain complexes

00— C*(X,A;G) 2 C*(X; G) -5 C*(A;G) —> 0

15



because the original sequence splits degreewise. Hence, there is a long exact sequence

5 HMXG A G) 2 HYXG G) =5 HY(A; G) 25 HY (X, A G) — ...

A similar calculation gives the analogous sequence for reduced cohomology. In particular, for a pair
(X,{x0}) there is a long exact sequence

o — H™ ({x0); G) — H™(X; G) — H™ (X, {x0}; G) — H™ ' ({xo}; G) —> ...

But H*({xo}; G) = 0 whence there are isomorphisms ﬁ“(X; G) = ﬁ“(X, {xo}; G) for all n.

Given a map f: X — Y, applying Hom(_, G) to the induced homomorphism f,: C¢(X) —> C4(Y)
and taking cohomology gives a morphism f*: H™(Y; G) — H™(X; G) for all n. It is immediate that this
defines a contravariant functor H™(_; G): Top — Ab. Similarly, singular cohomology of pairs defines
a contravariant functor H™(_, ;G): Top2 —— Ab.

These functors are homotopy invariant, as in the case of singular homology, because a homotopy
between maps f,g: X — Y induces a chain homotopy between f, and g.. This chain homotopy is
preserved when applying additive functors, e.g. Hom(_, G), whence the induced maps f* and g* on
cohomology coincide. One may argue analogously for homotopies between maps of pairs.

Singular cohomology also satisfies an excision property: for a pair (X, A) of topological spaces and a
subspace B C A such that B C A°, the inclusion i: (X \ B,A \. B) — (X, A) induces isomorphisms
1*: HM(X,A;G) — H™(X \ B,A \ B;G) for all n. This is shown by simply dualising the proof of
excision for singular homology.

In a similar spirit, cohomology admits Mayer—Vietoris sequences. For subspace A,B C X such that
X = A° U B° the inclusions ia: ANB— A,ig: ANB — B,ja: A— Xand jg: B—— Xinduce a
short exact sequence of chain complexes

Ja—)B in+1is

0— CU(X;6) —=C*(A;G) @ C*(B;G) ——=C*(ANB;G) —0

where U denotes the cover {A, B} of X. Hence, there is a long exact sequence

S HM(XG) 2B HY(ALG) @ HY (B G) 2B HN A N B G) 2 HMU(X: G) — ...

in cohomology.
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3 Homological Algebra

One might naively think that the functors Hom(_,G) and _ ® G commute with taking homology,
i.e. that H*(X; G) = Hom(H,,(X); G) and H, (X; G) = Hn(X) ® G, and that we have gained nothing
new by introducing these variants of singular homology. But in general this is far from true. Consider
for example the cellular chain complex C, of RIP?:

Ce=0—7-272-%7_%0

Then H;(C,) = 0, H;(Co) = Z/2 and Hy(C,) = Z. But after applying the functor _ ® Z/2 to C, we
obtain the chain complex

0—7/2-57/2-257/2—0
and the homology Hy(Ce ® Z/2) = Z/2 for 0 < k < 2. Similarly, applying Hom(_,Z) we obtain the
cochain complex
0—2Z-2Z-22—0

whence
7/2 k=2
H¥(Hom(C,,Z)) ={ 0 k=1
Z k=0.

3.1 The Universal Coefficient Theorem for Homology

LEMMA 3.1. The functor _ ® G: Ab — Ab is right exact, i. e. if

AB-Pic—o

is exact, then so is

A2G24 o6t cog—o.

Proof. Exactness at C ® G is clear. Any additive functor preserves complexes, which of course implies
im(a ® id) C ker(p ® id). Hence, f ® id factors through B ® G/im(« ® id):

BoGg —r L cec

=

B® G/im(x ® id)

In fact, \ is an isomorphism if and only if im(x ® id) = ker(f ® id). The construction of an inverse
¢: C®G— B ® G/im(« ® id) may be done as follows. Define

elc®g)=[b®gleB®G/im(a ® id)
where 3(b) = c. It is enough to check that this is in fact well-defined. If 3(b’) = B(b) = c, then

B(b’ —b) =0. Hence, b’ — b = «(a) for some a € A. But then (b—b’) ® g = a(a) ® g € im(x ® id)
and [b® gl =[b' ® gl € B® G/im(« ® id). O
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LEmMMA 3.2. Split exact sequences are preserved by any additive functor, in particular they are preserved by
_® G: Ab — Ab.

Let C, denote a chain complex of free abelian groups. There are short exact sequences

OHZnHCnan,1*>O
which induce a short exact sequence
00— Zeg —>Coq—>Be_1—0

where Z, and B,_; carry the trivial differential. Note that the former sequence splits for all n since
Bn_1 is free (as a subgroup of a free abelian group). But the corresponding sequence of chain complexes
is not split in general.

LEMMA 3.3. In the situation above,
00— 7Ze G —3Ce®@®GC—Be1 ®G—0
is a short exact sequence of chain complexes.

We obtain a long exact sequence

G —3Ba®GC—Z, ®G—Hp(Co®G)—Bp 1 ®G 57, 1 ®G—s ...

in homology where the connecting homomorphism 9, is just i,_; ® id for the inclusion i, _; of B;,_;
into Z,,_;. This long exact sequence may be broken up into short exact sequences

0 — coker(ip, ® id) — H,,(Ce ® G) —> ker(i,_; ® id) — 0.

Look at the short exact sequence

0 —> Bp —2+ Z,, — Ha(Cy) — 0. (*)
Applying _ ® G shows that

0 —s ker(in, ®id) — B, ® G 2% 7 © G —5 H,(Co) ® G — 0

is exact. In particular, coker(i,, ® id) = Hn(Co) ® G. Hence, we have identified H,,(Cs ® G) as an
extension of ker(i,,_; ® id) by H,(C.) ® G. In particular, in the case ker(i,_; ® id) = 0 we have
shown H,(Co ® G) = Hn(Co) ® G. Our next goal will be to compute ker(i,—; ® id) in terms of
H.(C,) and G.

Since By, and Z,, are free abelian groups the short exact sequence () is a free resolution of Hy, (C,):

DerINITION 3.4. For an abelian group H an exact sequence

i B S S H——0

with free abelian groups F,, is called a free resolution of H. We generally set F_; = H and extend by 0 to
the right to obtain a chain complex F,.
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REMARK 3.5. Any abelian group H has a free resolution of the form
0—F —F—H-—70.
Tensoring any free resolution F, of H with G yields a chain complex

f,®id f1®id fo®id

Frb® G——H®G—0.

DEFINITION 3.6. We define
Tor,(H,G) .= H,,(Fe ® G).

REMARK 3.7.
(i) With our definition, Torg(H, G) = 0.
(if) Under the assumption that Tor,, does not depend on the chosen free resolution, the previous
remark implies Tor,, (H, G) = 0 for n > 2. For this reason, we will often write Tor(H, G) instead
of Tor; (H, G).

LEMMA 3.8. Let F, and F be free resolutions of abelian group H and H'. Then any group homomorphism
¢@: H — H’ extends to a chain map ¢.: Fe — F, such that ¢_; = @. Furthermore, any two such
extensions are chain homotopic.

Proof. 1t is clear how to define @, on a basis of F, such that

Fop —~3H——0

o] |e=e

Fy —— H —— 0
0/

is commutative. Similarly, if x € F; is an element of a basis of F;, choose some x’ € F| such that
f1(x’) = @o(f1(x)) and set @(x) = x’. This is possible, because fj@of1(x) = @f;fo(x) = 0. Inductively,
we obtain the required chain map ¢,.

Now, suppose that ¢, is another extension of ¢ to a chain map F, — F,. Then Vo = @¢ — @,
extends 0: H — H’ and it is enough to show that {, is chain homotopic to 0. To define a chain
homotopy h: F — F,, first set hy = 0 for k < —1. If x € F; is an element of a basis of Fy,
choose x” € F{ such that f](x’) = Po(x) — h_1fo(x) and define h;(x) = x’. This is possible, because
fo(Wo(x) — hoyfp)(x) = (W_1fo — h1fp)(x) = h_af_;fo(x) = 0. Inductively, we obtain the chain
homotopy h. O

LEMMA 3.9. Let F, and F be free resolutions of H. Then there are canonical isomorphism
Hn(Fe ® G) = H, (F, ® G)
induced by a chain homotopy equivalence Fq — F.

Proof. By lemma 3.8 we may extend id: H — H to chain maps F, — F, and F, — F,. These maps
are chain homotopy equivalences because such extensions are unique up to chain homotopy and of
course remain chain homotopy equivalences upon applying any additive functor. Hence, after tensoring
with G, they induce inverse maps on homology. O

19



REMARK 3.10. Lemma 3.8 also implies immediately that Tor(_,_): Ab x Ab — Ab is a covariant
functor in both arguments. The action on morphisms is given by extending over given free resolutions
and taking homology and does not depend on the choice of resolution.

This lemma implies that our definition of Tor;,, (H, G) does not in fact depend on the choice of free
resolution of H. Because

OHBHQZHHHH(C.)HO
is a free resolution of H,, (C,), we see that ker(i,, ® id) in

B, ®G -2 7 9 G —3HL(C) ®G—30

is precisely Tor; (Hn (C,), G). We have thus proven the following theorem.

THEOREM 3.11 (Universal coefficient theorem for homology). If C, is a chain complex of free abelian
groups and G an abelian group, then there are natural short exact sequences

0— H,(Ce) ® G— Hu(Ce ® G) — Tor(Hp_1(C,e),G) — 0
which are split non—canonically.

Proof. 1t only remains to construct the splittings. The sequence
0—Z,—Ch—Br_1—0

is split exact, i. e. the inclusion Z,, — C,, admits a retraction r,,: C,, — Z,,. Hence, by precomposi-
tion with 1, the quotient map qn: Z,, — Hy(C,) extends to Cy,:

Cn —2"5 H,(C,)

| A

Ln

Therefore, we obtain a chain map @.: C¢ —> He¢(C,o) where the homology He(C,) is considered as a
chain complex with H,,(C,) in degree n and with trivial boundary operator, and there is a chain map
Pe ®idg: Co ® G — He(Co) ® G. Then the induced map ¢@.: Hy(Coe ® G) — Hp(Co) ® G on
homology is the required splitting for all n. To see that this is the case, observe that by construction we
have ¢, ® idglz, 96 = qn ® idg. Passing to homology this map induces the identity. O

COROLLARY 3.12. For any pair (X, A) there are natural short exact sequences
0— HL(X,A) ® G —> Hu (X, A;G) — Tor(Hpn—1(X,A),G) — 0
which split non—canonically.

ProprosITION 3.13. The Tor—functor has the following properties:
(i) Tor(A,B) = Tor(B,A).
(ii) Tor(@P;c; A1, B) = ;g Tor(Ay, B).
(iii) Tor(A,B) =0 if A or B is torsionfree.
(iv) Tor(A,B) = Tor(Ayor, B) where Ao, denotes the torsion subgroup of A.
(v) Tor(Z/m,A) = ker(A —= A).
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(vi) If

0—B—C—D—70

is exact, then there is an exact sequence
0 — Tor(A,B) — Tor(A,C) — Tor(A,D) —m A®B—A®C—A XD —0.

Proof.
(i) Apply (vi) to a free resolution 0 — F; — Fy — B —— 0 of B to obtain a long exact sequence

0—> Tor(A,B) —mAR®F, —A®F —A®B—0

where the terms to the right vanish because Tor(X,Y) = 0 if X or Y is free. On the other by
definition there is an exact sequence

0—> Tor(B,A) —mFF®A—F RA—BRXA—0

computing Tor(B, A). But the tensor product is naturally symmetric and the five lemma gives a
natural isomorphism Tor(A, B) = Tor(B, A).

(ii) Choose a direct sum of free resolutions of the A; as a free resolution of @, A;.

(iii) If A or B is free, then of course Tor(A, B) = 0. By (i) it is enough to check that for a free resolution

0—>F1L>F0*>A—>O

and B torsion free the map F; ® B — Fy ® B is injective. Take Y x; ® b; € F; ® B such that
(fi ®1id)(D_x1 ® by) = >_f(xi) ® by = 0. Let B’ = (by,..., bx) C B be the subgroup generated
by by,...,bk. Then B’ is finitely generated and torsion free whence free. By the free case we have
> xi ® by =0 € F; ® B’ which already implies >_x; ® b; =0 € F; ® B.

(iv) Apply (vi) to the short exact sequence

0— Atr —A—>A/Air — 0
to obtain an exact sequence
0 — Tor(Ator, B) — Tor(A, B) — Tor(A /Ao, B).

But A/Ay is torsion free and hence there is an isomorphism Tor(A,, B) = Tor(A, B) by (iii).
(v) Tensor the free resolution

0—Z-"57Z—7Z/n—0

of Z/n with A to obtain the chain complex

0—ASA—SARZ/MN—0

whose homology computes Tor.
(vi) Truncate a free resolution
0—F—F—A—70
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of A to 0 — F; — Fy — 0 and tensor with the given exact sequence:

0 0 0

| | |

0— F®B —F®C —F®D —— 0

| | |

0— Fh®B — FF®C — F®D —— 0

| | |

0 0 0

This is an exact sequence of chain complexes and induces the required long exact sequence.

REMARK 3.14. Proposition 3.13 implies that Tor(Z/n,Z/m) = Z/d = Z/n ® Z/m with (d) = (n, m).
Furthermore, Tor(Z,Z) = Tor(Z/n,Z) = 0. Hence, for finitely generated abelian groups A and B there
is an isomorphism Tor(A, B) = Aoy ® Byo,. This justifies the term “torsion product” for Tor(A, B).

3.2 The Universal Coefficient Theorem for Cohomology

Consider a chain complex C, of free abelian groups and let G be an arbitrary abelian group. Similarly
to the previous section, we will now try to compute H®*(Hom(C,, G)) from H(C,) and G. The proof of
the following lemma is an easy exercise in diagram chasing.

LEmMMA 3.15. The functor Hom(_, G) is left exact, i. e. any exact sequence

ASB-Lic o

induces an exact sequence

0 — Hom(C, G) AN Hom(B, G) = Hom(A, G).

Since by lemma 3.2 additive functors always preserve split exact sequences, in particular the functor
Hom(_, G): Ab — Ab does. We will proceed analogously to the homological case: Consider the short
exact sequence

0—>Zeg ——Coq—>Be_1 —0

of chain complexes where again Z, and B, carry the trivial differential. This sequence splits termwise,
hence
0 — Hom(B,_1,G) — Hom(C,, G) — Hom(Z,,G) — 0

is again exact. We obtain the long exact sequence

.. — Hom(Zy_1,G) == Hom(By_y, G) — H™(Hom(C,, G)) — Hom(Zng) — ...

in cohomology where 0, is just given by the restriction map i} : Hom(Z,,, G) — Hom(B,, G); here
in: Bn — Z,, denotes the inclusion. This long exact sequence gives rise to short exact sequences

0 — coker(i,_;) — H"(Hom(C,, G)) — ker(i) — 0
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for every n € Z. Now it is clear that

keri; ={¢ € Hom(Z,,G) : ¢|g, =0}
or, equivalently, ker(i} ) consists of all homomorphisms ¢: Z,, — G that factor through the homology
H,. (C,). Hence, ker(i},) = Hom(H,, (C,), G). To determine coker(i},) consider the free resolution

00— By 5 Zn — Hp(Co) — 0

of H,,(C,). Applying Hom(_, G) gives an exact sequence

0 — Hom(Hn(Ca), G) — Hom(Zy, G) — Hom(Bn, G) — coker(i*) — 0.
DEeFINITION 3.16. For abelian groups H and G we define
Ext"(H, G) = H"(Hom(F,, G))
for a free resolution F, of H.

Just as in the case of Tor this is well-defined up to canonical isomorphism and defines a contravariant
functor Ext™(_, G) and a covariant functor Ext™(H, _). It is again clear that Ext™(H,G) = 0 forn > 2
and n < 0. Because of this vanishing we also write Ext(H, G) = Ext'(H, G). The proof of the following
theorem is now essentially the same as in the homological case.

THEOREM 3.17 (Universal coefficient theorem for cohomology). Let C, be a chain complex of free abelian
groups and G an arbitrary abelian group. Then there are natural short exact sequences

0 — Ext(H,,_1(C,),G) — H™(Hom(C,, G)) — Hom(H(C,),G) — 0
which split non—canonically.
COROLLARY 3.18. For any pair (X, A) of topological spaces, there are natural short exact sequences
0 — Ext(Hn_1(X,A),G) — H™(X,A; G) — Hom(H, (X,A),G) — 0
which split non—canonically.

PROPOSITION 3.19. For abelian groups A, B and A4, i € 1, one has:
(i) Ext(@D;c; A B) = [Tic; Ext(Aq, B).
(ii) Ext(A,B) =0 if A is free.
(iii) Ext(Z/n,B) = B/nB.
There also is a six term exact sequence for Ext analogous to the case of Tor.
Proof.
(i) Choose a direct sum of free resolutions of the A; as a free resolution of ;. Ai; therefore we

have an exact sequence
00— EBF“ — @Fm — @Ai — 0.
i€l i€l i€l
Applying Hom(_, B) yields a cochain complex
0 —> [ [Hom(A:,B) — | [Hom(Fo;,B) —> | [ Hom(F;:,B) — 0
i€l i€l i€l
whose only non-trivial homology in degree 1 is isomorphic to [ [;c; Ext(A;,B) and computes
Ext(@;c; A, B).
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(ii) If A is free, then 0 — A — A —— 0 is a free resolution of A, whence Ext(A, B) = 0 for all B.
(iii) Apply Hom(_, B) to the free resolution

0—7Z"57Z—7Z/n—0
of Z/n to obtain a cochain complex
0 — Hom(Z/n, B) — Hom(Z, B) — Hom(Z, B) — 0

whose homology computes Ext®*(Z/n, B). Concretely, Ext(Z/n, B) is isomorphic to the cokernel
of B—"+ B,i.e. to B/nB. O

CoOROLLARY 3.20. If A is finitely generated, then Ext(A,Z) = Ext(Aor, Z) = Ator-

CoroLLARY 3.21. If H, (X, A) and Hn—1(X, A) are finitely generated, then there is a non—canonical de-
composition

Hn (X, A
H™ (X, A Z) = Hom(Hn (X, A), Z) @ H 1 (X Adtor = A o py ¢ A,
Hn(Xs A)tor
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4 The Axiomatic Point of View

The goal of this section is to sketch how the functor H,: Top? — Ab and H": Top® — Ab are
characterised by a set of axioms, known as the Eilenberg—Steenrod axioms. We will use the restriction
functor res: Top®> — Top? given on objects by res(X,A) = (A, ).

DEFINITION 4.1. A homology theory h, consists of a sequence of functors h, : Top? — Ab, n € Z,
together with natural transformations 0, : h, — (hn— o res) satisfying the following axioms:
(i) Iff,g: (X,A) — (Y, B) are homotopic as maps of pairs, then h,, (f) = h,(g) for all n € Z. This
is called homotopy invariance.
(if) There is a long exact sequence

hn(

s AD) n 00) m  GA) 2 vy S (ALD) —

induced by the inclusions i: (A, () — (X,0) and j: (X,0) — (X, A).
(iii) A version of excision is satisfied: For any pair (X, A) with B C A° the canonical inclusion map
i: (XN B,A ~\ B) = (X, A) induces isomorphisms

hn(1): hn (X~ B, X N A) = hn (X, A)

foralln € Z.
A cohomology theory h*® consists of a sequence of functors h™: Top? — Ab, n € Z, together with
natural transformations 6™: h™ — (h™™! o res) satisfying obvious dual versions of the Eilenberg—
Steenrod axioms.

Given a homology theory h, we write h,,(X) = h,(X,0) and use f, instead of h, (f) for simplicity.
The sequence of groups hy, (x), n € Z is called the coefficients of h,. Similar definitions are made for
cohomology theories.

DEFINITION 4.2. A homology theory h, is called ordinary if h,,(x¥) = 0 for n # 0 and similarly for
cohomology.

THEOREM 4.3. Singular (co—)homology is an ordinary (co-)homology theory.

THEOREM 4.4. The values of an ordinary (co—)homology theory on the category of CW-complexes are
determined by the coefficients.

Proof. The construction of the cellular (co—)chain complex and the proof of the isomorphism of cellular
with singular (co—)homology only used the Eilenberg-Steenrod axioms. O

LeEmMA 4.5. If (X1, A1),..., (X, Ax) are pairs of topological spaces, then the map

n k k
@hn(xi,/\i) —— ha(X,A), where X = ]_[xi and A = HAi,

i=1 i=1 i=1

induced by the inclusions 1;: (Xi, Ai) = (X, A) is an isomorphism for alln € Z. A dual version holds for
cohomology.
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Proof. Induction immediately reduces to the case k = 2 and the 5-lemma implies that it is enough to
consider the case A; = A, = (). There is a commutative diagram

th(X’ Xz)

(X1)

\ ()/
R (X
()/ \

Xz

h‘n(xa Xl)

where all maps are induced by the inclusions and the horizontal maps are isomorphisms by excision.
The long exact sequence implies that the two diagonal sequences are exact. This is enough to imply the
lemma. This proof obviously dualises to give the version for cohomology. O

DEFINITION 4.6. A homology theory h, is called additive, if for any pairs family (Xi, Ai), i € I, of pairs,
indexed by an arbitrary set I, the map

P hnXi,At) — hn(X,A), whereX=][XiandA=]JA,,

iel iel iel

induced by the inclusions t;: (Xi, A;) — (X, A), is an isomorphism for alln € Z. Dually, a cohomology
theory is called additive if it satisfies the obvious dual version of this statement.

ProposITION 4.7. Singular homology and cohomology are additive.

For any homology theory h, we define the reduced theory ﬁn(X) = ker(h,; (X) — hy (*)). Dually,
for any cohomology theory h*® we define h™(X) = coker(h™(X) — h™(%)). Any choice of a base point
xo: * — X induces splittings of the exact sequences

00— ﬁn(X) — hn(X) — hp(x) — 0

and _
0 — h"™(*¥) — h™(X) — h"™(X) — 0.

A map f: X — Y clearly defines induced maps f.: ﬁn(X) — ﬁn(Y) and f*: ﬁ“(Y) — 1~1“(X) which
make h;, and h™ into functors Top — Ab. There is an axiomatic characterisation of reduced homology
theories h, and reduced cohomology theories h® as above, e. g. there is always a long exact sequence

i M (A) — R (X) — M (X A) — R (X A) — ..

in reduced homology.
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5 Products and Duality

5.1 Cup Products

Let R be a commutative ring and consider singular cohomology H*(X;R) with coefficients in R. The
goal of this section is to construct the structure of a graded ring on H®*(X; R).

DEFINITION 5.1. For cochains @ € C*(X;R) and { € C*(X;R) the cup product @ U € C*F(X;R) is
defined via
(euUW)(o)=e(ooley,...,ex]) - W(oolek,...,exre)

for all singular simplices o: A¥*¢ — X.

LEMMA 5.2. For @ € C*(X;R) and { € C*(X;R) we have the graded Leibniz rule
S(eU) =89 U+ (—1)* ¢ Us.

Proof. For o: A¥t+1 — X compute

(deUW) (o) = (d@)(oolep,...,exs1]) - P(oolersr,...,exper1]) =
k+1
= Z(—l)i (p(()‘O [60,...,é\i,...,€k+1}) '1])(0‘0 [ek+1,...,ek+g+1])
i=0

and

(D (@ UdP)(0) = (=1)* @(o o [es,...,exl) - () (00 [ex,..., exsrer1]) =

K+0+1 .
= Y (D" ()" g(oolen....ex]) (oo ley,.... 6. exreql).
i=k
Combining, we see that
k+0+1 .
(5o U)(0) + (—1)* (9 U ) (0) = Z (—=1)" (0i(@ U))(o) = (8(e UWD))(0o). O
i=0

COROLLARY 5.3. The cup product descends to a pairing
U: HY(X;R) ® HY(X; R) — H*FY(X; R),
the cup product in singular cohomology. It is associative, distributive and unital if R is.

DEFINITION 5.4. The abelian group

H*(X;R) = @D H™(X;R)

nez
becomes a graded ring with the cup product, the singular cohomology ring of X with coefficients in R.
There are relative versions of the cup product
H(X;R) @ HY(X, A;R) = HFE(X ATR),  HF(X,A3R) @ HY(X;R) = HFF{(X A R)

and
H*(X, A;R) ® HY(X, A;R) - H** (X, A;R)

since if @ or 1 vanishes on C,(A), then so does ¢ U .
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LEMMA 5.5. For a map f: X — Y the induced map f*: H*(X;R) — H*(X;R) is a homomorphism of
graded rings, i. e.
f(aUB) = aUfB
for o, p € H*(X;R) and deg(f*a) = deg «.
Proof. It is enough to check this for homogeneous elements « and 3. We may compute
(fFfeUf ) =f"p(ooleg....ex)  Fh(oofex,...,ex )
= (@U)(foo) = (f"(¢ UW))(o)
for cochains @ € C*(X;R) and \ € C*(X;R) and every simplex o: A¥*¢ — Y. The result follows. [

PROPOSITION 5.6. The cup product is graded commutative, i.e. U B = (—1)de(x)dee(B) 3y ¢ for homo-
geneous elements «, 5 € H*(X, A; R).

Proof. For cochains ¢ € C*(X;R) and{ € C*(X;R) we have

(eUY)(o) =@(oole,...,ex]) - W(oolex,...,extel)
and

(WU @)(o) =0@(ooler...,exrl) - W(ooe,...,el).
Consider the affine singular simplex

Tn = [€n,...,€0]: A" — AT

and define a homomorphism py,: C,,(X) — Cp(X) via pp(0) = £, 00T, With ey = (—1)"("1/2 We
claim that ps: Co(X) — C4(X) is a chain map which is chain homotopic to the identity. Indeed,

3pn(0) = en (00 Th) fan Loolen s €nis-ese)
and
n
Pn-10(0) =pn_1 ) (1) 0olep,....E....en] = &n_ 1Z Loolen, ..., 6,...,e =
i=0
n n
=en 1) (1) oolen,..., & i€l =en Y (—1)'0olen,....€n ..., €0l
1=0 i=0

In the product A™ x I C R™*! x I identify e; with (e;, 0) and f; with (e, 1). We define a homomorphism
hn: Cn(X) — Cni1(X) by the formula

hn(0) = Z(*l)iinfio' omoleg,...,ei fn, ..., fil
i
with the projection mt: A™ x I — A™. It corresponds to the usual triangulation of A™ x I with some
orientations reversed. Then
am(g) = Z(—l)j(—l)iﬁnii()_o Uuss [eO)“ "é\j,”'s €i, le,”'sf‘i.] +
i<j

Z +14 i )
+ 1 n- J 1)15-“,10'071:0[eo,...,ei,fn,...,fj,...,fi].
j=i
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The j = i terms in this sum give

en0 0O [fr,....fol+ ) en_ioomolen...,ei 1, fn,.... fil +
i>0
+Y ()Y -1)""eqioomoler,....en n. ... fis1] — oMo lep,..., en].
i<n
The outer two term in this sum are
en0o[en,...,e)) —0ooley,...,en] =pn(o)—0o

and an index shift in the second sum in the middle terms reveals that the middle terms cancel. Now,

hnfl(ao-):Z(*l)j Z (—1)'en—1-100[eg,...,&,....,enl om0 [€g, ..., €1 Fry..., il =

j i<n—1
= Y (-1 (~1)'en_s_i00moles,.... e frro, B fil +
i<j
+) (1) (-1 tenoomolen,.... &, .., €0, Fi
i~

and comparing with the expression for oh, (o) shows that h, is a chain homotopy from p, to id. To
finish the proof, observe that

(Px@ Upp) (o) = (px@)(oo[eo,....ex]) - (ppw) (oo ek, ..., exie]) =

=exeep(oofek,...,el) - P(oolexye,...,exl)

and

P (WU @)(0) = expeb(oo [exre,....ex]) - @(o o [ex,...,e).

Hence, on cohomology this implies that [@] U ] = exeeer b U @] = (—1)**[P] U [¢]. Since p, and
h,, take chains in A to chains in A, they act on relative cochains and the same argument works for
H* (X, A;R). O

ExampLE 5.7. Consider the 2—-torus T? given by its fundamental polygon with vertices A, B, C and D—
see Bildchen. The Hurewicz theorem implies that a = [A, B] and b = [A, D] give a basis for H; (T?). The
homology H,(T?;Z) is torsionfree and therefore H!(T%;Z) = Hom(H;(T?),Z). Let {x, B} be the basis
of H}(T?%,Z) dual to {a, b}. Write ¢ = [A, B, D] — [B, D, C]. This singular 2-cycle generates H,(T?). For
& =[p] € H(T% Z) and n = [p] € H(T?Z) we have

(& un)(lc]) = o([A, BI)W([B,D]) — ¢([B,DI)W([D, Cl) = &(an(b —a) — E(b — a)n(a)
because [B,D] — (b — a) = 9[A, B, D] = 0 € H;(T?). Hence,
(Eun)(lc]) = &(an(b) — &(b)n(a)

and in particular c U« = 0, B U B = 0 and (cc U B)([c]) = 1. Therefore o U 3 generates H*(T?;Z) and
[c] generates Hz(T?). In summary, we have calculated H* (T4 Z) = A, Z% = A\, (., B).
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ExaMPLE 5.8. More generally, let Iy be the oriented surface of genus g, presented by its fundamen-
tal polygon—see Bildchen. As before, the homology classes a;, by, ..., ag,bg of the singular 1-cycles
[A1,Bil,[B1,Cil,...,[Ag, Bgl, [Bg, Cgl generate the first homology H;(Z4) = Z?9. In fact, they form a
basis. Let &y, B1,..., &g, B4 be the corresponding dual basis. Write

C= Z [0, A, Bi] + [0,Bs, Ci] — [0,Dy, Ci] — [0, Ai4 1, Dyl
i+1€Z/g

Then
oC= ) [AJ-[0,Ai]=0.

i+1€Z/g

As before,

Eun)e) = )Y  o0,Ad)b(ai) + @([0, B (bi) — @([0, Dil)(ai) — @ ([0, Ais])p(bs) =

i+1€Z/g

= ) ol0,AJ—[0,Did)n(ai) + @([0,B] — [0, Ai;a])n(bs).
i+1€Z/g

Now, we have

0([0, Ay, Bi] + [0, By, Ci] + [0, Cy, Dy]) — [By, Ci] = [0, Ay] — [0, Dy]
and
0([0, By, Ci] + [0, Ci, D1l 4+ [0, Dy, Ay q]) + [A4, Bi] = [0, B3] — [0, Ai44]

and therefore

(Eun)(e) = )Y  &(an(bi) — &(bi)n(ai).

i+1€Z/g

We obtain the relations o; U o5 = 1 U 5 = 0 and (a3 U B5)([c]) = &y5. In particular, the cohomology
class ¢; U By = -+ = ag U B4 generates H*(Z4;7Z) and [c] generates Hy(Zg).

Our next goal will be to generalise this computation to H®*(T™;Z). Here T™ = S! x --- x S! denotes
the n—-torus. First, we need some preparation.

DErFINITION 5.9. The cross product is the map
x: HY(X;R) ® HY(X;R) — H*™Y(X x Y;R)
defined by & x = mix U 7}, .
We would like to define a relative version of the cross product
x: HE (X, A;R) ® HY(Y, B;R) — H* ™Y (X x Y, X x BUA x Y;R).

The naive version does not quite work: For cochains ¢ € C*(X,A;R) and { € C*(Y, B;R) we only have
U € CRHYX XY, AxY+XxB;R),i. e. the cup product lands in the space of all § € C*+{(XxY;R)
such that &|c,(axv) = &lc, (xxB) Which is bigger than CK(X x Y,A x YU X x B;R). So we need a
more general version of the cup product. Ideally, it should be a pairing

U: H*(X, A;R) ® HY(X, B;R) — H*"¢(X, A U B;R).
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For this we need to understand the subcomplexes Co,(AUB) and C4(A)+ C4(B) of Co(X). CallA,B C X
an excisive couple if the inclusion Co(A) + Co(B) — C4(A U B) induces an isomorphism in homology.
In this case, the universal coefficient theorem implies that also the dual H* (A UB;R) — H™(A + B; R)
is an isomorphism for all n. Here, H" (A + B;R) denotes H™ Hom(C,4(A) 4+ C4(B),R). Consider the
commutative diagram

00— C*(X,A+B;R) —— C*(X;R) —— C*(A+B;R) —— 0

| I

0 —— C*(X,AUB;R) —— C*(X;R) —— C*(AUB;R) —— 0
of cochain complexes with exact rows. We obtain a diagram

— H"(X,A +B;R) —— H"(X;R) —— H™(A +B;R) —— H""!(X,A +B;R) ——

| | I I

— H"(X,AUB;R) —— H"(X;R) —— H"“(AUB;R) —— H""(X,AUB;R) ——

with exact rows in which every map H™ (A UB;R) — H™(A + B; R) is an isomorphism by assumption.
Therefore, the five lemma implies that H™ (X, A U B; R) — H™(X, A 4 B;R) is an isomorphism as well.
This isomorphism now gives a definition of the relative cup product, at least for excisive couples; it is
the composition

H*(X, A;R) ® HY(X, B;R) - H**¢(X, A + B;R) = H*"{(X, A UB;R).

Of course, we need to determine which couples are excisive. By the excision theorem, this is the case if
A UB = A° U B°, where the interiors are understood with respect to the subspace topology on A U B.
This holds for example if A, B C X are both open.

Returning to our original setting, we have a relative cross product

H*(X,A;R) ® HY(Y,B;R) — H*"{(X x Y,A x YUX x B;R)

if the subspaces A x Y and X x B of X x Y form an excisive couple. For instance, this is the case if A C X
and B C Y are both open.

Our next goal will be computing the ring structure on H*(T™;Z), the cohomology of the n—-torus
T =8'%x.-.-xS.

LEmMA 5.10. For any pair (X, A) and any space Y the diagram

HX(A;R) ® HY(Y;R) 2219 Hk+1(X, A;R) @ HY(Y;R)

|- |-
HX+(A x Y;R) —2— H* (X x Y, A x Y;R)
is commutative.

Proof. Take [@] ® [W] € H*(A;R) @ HY(Y;R). Then, we get a diagram

o] @ [P] ——— [6¢] ® Y]

!

Ty [6@] U 7}, )]
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where @ denotes some lift of @ to C¥(X;R). The other way of chasing the diagram maps [¢] ® ] to
[B(e x )] = [5(nk @ U mp)], and indeed by naturality of § this equals 75 5[] U 73, [ip]. O

PROPOSITION 5.11. Let Y be a topological space and 1 = [0, 1] the unit interval. Assume additionally that
R is unital. If « is such that («)g = H'(I1,01;R) = R, then the relative cross product

H™(Y;R) =25 H™ (I x Y, 91 x Y;R)
with o is an isomorphism.

Proof. Consider the long exact sequence
— H™(IxY,0I x Y;R) — H™*(I x Y;R) — H™(0I x Y;R) — H™ (I x Y, I x Y;R) —

of (IxY,0IxY) in cohomology. We claim that all maps H™(I x Y,9I x Y;R) — H™(I x Y;R) are 0. In
fact, this map is induced by the inclusion (I x Y,#) — (I x Y, 91 x Y). But this map is homotopic to a
map with values in 91 x Y which implies the claim.

Hence, we obtain short exact sequences

0 — H™(I x Y;R) — H™(3I x Y;R) =% H™*1(I x Y;9I x Y;R) — 0

for all n. By additivity, H™(0I x Y;R) = H™({0} x Y;R) @ H™({1} x Y;R). We now claim that for all
i € {0, 1} the restriction 8|yn ({i}xy:r) is an isomorphism: We can describe the submodule H™({i} x Y;R)
of H™(9I x Y;R) as follows. A basis of H°(dL; R) is given by cocyles 1, and 1 such that 1;(j) = &;; for
1,j € {0,1}. Hence, H™({i} X Y;R) = im(1; x _) C H™(3I X Y;R). On the other hand,

im(H™(I x Y:R) —> H™(dT x Y;R)) = im(H™(Y; R) =% H™ (31 x Y:R)).

Thus, the image of H™ (IxY; R) in H™ (91 x Y; R) is generated by (1o+1;) x H™(Y; R) and the H™ ({i} X Y; R)
are complementary to ker . This yields the claim. To finish the proof, use lemma 5.10 to deduce that
80(1; x _) = 8(1;) x _. The second § denotes the connecting homomorphism H®(91; R) — H!(L, 9L; R).
Then observe that §(1y) = —5(1;) is a generator of H!(1, 31; R) as before. O]

COROLLARY 5.12. If o' is a generator of H!(S',{so}; R), then

H™(Y; R) 255 HRH1 (ST x Y, {so} % Y3 R)
is an isomorphism for all n.

COROLLARY 5.13. The homomorphism H™(Y;R) x H*"1(Y;R) — H™"1(S! x Y;R) mapping (B1,B2) to
o x By + 1po(sir) X P2 for some generator &’ of H!(S*;R) is an isomorphism.

PrOPOSITION 5.14. There is an isomorphism H® (T™ Z) = NZ™ = Ny (x1,..., an) where oy = i " for
a generator o’ of H'(SY;Z).
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6 Orientations and Homology

DEFINITION 6.1. A topological space X is called locally Euclidean if there is some n > 0 such that every
x € X admits an open neighbourhood U C X of x and a homeomorphism ¢: U — V onto some open
subset V C R™.

DEFINITION 6.2. A topological manifold M is a locally Euclidean Hausdorff space. It is called closed if it
is compact. If M is locally homeomorphic to R™, then n > 0 is called the dimension of M.

ExampLE 6.3. The n-sphere S™ is a closed topological manifold by stereographic projection. Similarly,
RP™, L4 and K? are examples of topological manifolds.

Let M be a topological manifold and fix x € M. Choose some chart ¢: U — V C R" centred at x,
i.e. ¢(x) = 0. We may assume without loss of generality that V = R™. Then there are isomorphisms
Hi(M,M N {x1G) = Hi (WU~ {x}G) = Hi_1(S™ 1 G) = 8xnG. Hence, the dimension of M is
detected by H.(M, M ~ {x}; G).

DEFINITION 6.4. Let R be a commutative ring with unity. If M is an n—dimensional topological manifold,
then a generator p, € Hy (M, M \ {x};R) = R is called a local orientation at x.

REMARK 6.5. Inthe case R = Z and A € O(n) we have deg Alsn—1 = det A; in particular deg A|gn— = 1if
A is orientation preserving and deg A|sn—1 = —1if A reverses orientation. Hence, for a local orientation
i€ Hp(R™R™ < {0}) = Hn_1(S™!) we have A, = pif A preserves orientation and A,pu = —p
otherwise.

For x € M and a chart ¢: U — R™ centred at x let B™ = B*(0) be the open unit ball and consider
B=¢ (B") C U

LEMMA 6.6. The inclusion (M,M \ B) — (M, M ~ {x}) of pairs induces a canonical isomorphism
px: Hh(IM,M \ B;R) — H, (M, M ~ {x};R).

Proof. By excision, we have H, (M, M \ B;R) = H, (U, U~ B;R) = H,, (R™,R™ \. B™; R). On the other
hand, Hp (M, M~ {x};R) = H,, (U, U~{x};R) = H, (R™;R™~.{0}; R). By homotopy invariance, it follows
that H, (R™, R™ ~ {0};R) = H, (R™,R™ \ B;R). O

This lemma implies that local orientations may be extended locally: Via the isomorphism p, we get
canonical identifications H, (M, M ~\ B;R) = H,,(M, M ~ {x};R) for all x € B and a local orientation
L, at some xg € B extends to amap up: B — [ [, cg Hn(M, M ~ {x};R).

REMARK 6.7. Let U’ and U” be open neighbourhoods of x, with open balls B C U’ and B” C U”
around xo. Let B C U be some ball around x, such that B € B’ N B”. Then there is a commutative
diagram

I12

Hn.(M,M \ B’;R)

T

Hn (M, M ~ B;R) —— Hn (M, M ~ {x}; R)
)

/

H.(M,M < B”;R
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which implies that two leftmost maps are isomorphisms as well. This shows that ug/|p = ug~|g = us-

Let Mg be the disjoint unions [ [, cp; Hn(M, M \ {x};R) and denote by m: Mg — M the obvious
projection. We define a topology on My as follows. If ¢: U —— R™ is a chart and B is some ball in U,
write

Ug, = {px(ap) € Ho(M,M ~ {x};R) : x € B}

for every ag € Hny (M, M \ B;R). Remark 6.7 shows that if p,, (xf,) = px, (o) then o/l = ag.ls
for some ball B C BN B”, i.e. the sets Uy, form a basis for some topology on Mg. With this topology,
the projection 7t becomes continuous and so do the local sections «p as above. Moreover, the maps
B x Hy (M, M\ B;R) — m!(B) such that (x, ag) — px (g ) are local trivialisations of 7. Therefore,
we obtain a covering space 7t: Mg — M. This covering is called the R-orientation bundle.

DEeFINITION 6.8. A (global) R—orientation of M is a global section p of Mg — M such that every
r(x) € Hn (M, M ~ {x};R) is a local orientation around x € M. If M admits a global R-orientation, we
say it is R—orientable. In the case R = Z we simply speak of global orientations and orientable manifolds
respectively.

REMARK 6.9.
(i) If M is R—-orientable, then Mg = M x Ris trivial. In fact, if .: M. — My is a global R-orientation,
then the map M x R — Mg mapping (x,1) to ru(x) is a trivialisation of Mx.
(ii) Any topological manifold admits a unique Z/2-orientation.
(iii) If a manifold M is not orientable, then the subspace

M= H {px € Ha(M,M ~ {x}) : py is a generator} C My
xeEM

is a nontrivial 2-sheeted covering of M—the orientation covering. The topological manifold M is
canonically oriented: A local orientation i, € Hn (M, M \ {,}) is given by the element corre-
sponding to i, via canonical the isomorphism Hy (M, M {1, }) = Hy (M, M N\ {x}).

ProprosITION 6.10. If M is connected and 7t;(M) does not contain a subgroup of index 2, then M is ori-
entable. In particular, this is the case if M is simply connected.

Proof. This follows from remark 6.9 and the classification of covering spaces. O

DEFINITION 6.11. A class up € Hn(M;R) is an R-orientation class if i, = px(um) is a local R-
orientation for all x € M. An orientation class is by definition a Z-orientation class.

REMARK 6.12. Clearly, if M admits an R-orientation class, then M is R-orientable.

We will study the converse of remark 6.12. For this we need a relative Mayer—Vietoris sequence.
Assume that X = A°UB° and Y C X is a subspace such that Y = C° U D in the subspace topology and
C C A, D C B. Then there is a long exact sequence

...— Hn(ANB,CND) — Hn(A,C) ® Hn(B,D) — Hn(X,Y) — Hp 1 (ANB,CND) —> ...
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induced by the diagram

|

| |
0 —— Co(ANB,CND) —— Co(A,C) @ Ce(B,D) —— Co(A+B,C+D) —— 0
| | |
0 0 0

in which all three rows are exact; note that the homology of Co(A+B, C+D) computes H,.(AUB, CUD)
because of excision and our assumptions on the covers X = A° UB° and Y = C° U D°.

PROPOSITION 6.13. Let M be a topological manifold of dimension n with a compact subset A C X.
(i) If o is a global section of : Mg — M, then there exists a unique xa € Hn (M, M \ A;R) such
that px(aa) = a(x) forall x € A.
(if) For k > dim M the homology Hy (M, M \ A;R) vanishes.

Proof. First we will show that if the proposition is true for A, B and A N B, then it is also true for A U B,
where A and B are compact subsets of X. For this, we use the relative Mayer—Vietoris sequence for
MN(AUB)=(MNA)N(M~B)and M\ A)U (M~ B) =M ~ (ANB) to obtain

... — HY(AUB) — HY¢(A) @ HP*(B) — H(ANB) — ...

where H°¢(Y) := H, (M, M \ Y;R). For k > n we obtain HfC(A U B) = 0. For k = n we have an exact
sequence
0 — HP(AUB) — H(A) @ H(B) — HI(ANB) —> ... (%)

and by assumption there are unique classes aca € H9(A), ap € H%(B) and xanp € H%(ANB) which
restrict to o(x) € H9({x}) for x € A, x € B and x € A N B respectively. By uniqueness as and o
restrict to aanp. Hence, the exact sequence (x) implies that there is a unique class xa g € HIT?C(A UB)
which restricts to «(x) in all points x € A U B.

Now, observe that it is enough to prove statements (i) and (ii) for M = R™: If A C M is compact, then
A =A;U---UA,, for A; compact and contained in some coordinate chart of M. So we may assume
that M = R™ and that A C R™ is some compact subset. If additionally A is convex, then for x € A
both R™ \ {x} and R™ \\ A are both deformation retracts of an (n — 1)-dimensional sphere centered at
x. Therefore, the restriction HP°(A) — H°¢({x}) is an isomorphism which implies (i) and (i).

For general compact subsets A C R™, let a class xa € HI*(A) be represented by a relative cycle
z € Cx(M;R). Let C be the union of the images of the singular simplices contained in 0z. Then C
is compact and contained in M ~\ A. Since A and C are compact and disjoint, they are separated by a
positive distance 5. Hence, we can cover A by finitely many closed balls of radius /2; denote their union
by K. Because KN C = () the chain z defines a class o, € H°¢(K) which restricts to aa € H¢(A). By (i)
for convex subsets we have H¢(K) = 0 for k > n and then also axa = 0 € H**(A). If k = n, then there
is some Bk € H%¢(K) restricting to «(x) at all x € K by statement (i) for compact subsets; restricting

35



Bk to A yields the existence part in (i) for general A. To prove uniqueness, assume that o, € H'9°(A)
restricts to 0 in all points x € A. By the previous construction, we obtain a class ax € H'9¢(K) restricting
to 0 in all points x € K—because H!%¢(B) = H!°¢({x}) for all closed balls B—and we may conclude by the
case for convex subsets. O

REMARK 6.14. Let I'(Mg) be the R-module of global sections of the covering Mg — M. There is a
map Hy, (M;R) — I'(Mg) which associates to each class «,, the section mapping x to px ().

If M is connected and R-orientable, then the map '(Mg) — H, (M, M \ {x};R) = R evaluating a
global section at x is an isomorphism.

THEOREM 6.15. Let M be a closed topological manifold of dimension n. Then
(i) the map H,,(M;R) — T'(MR) is an isomorphism.
(if) Hx(M;R) =0 for k > n.

COROLLARY 6.16. Let M be a closed topological manifold of dimension n. If M is R—orientable, then
there exists an R—orientation class um € Hn (M;R). If moreover M is connected, then the restriction map
Px: Hn(M;R) — Hy (M, M N {x};R) is an isomorphism for all x € M.

COROLLARY 6.17. Let M be a closed, connected topological manifold of dimension n. Then there is an
isomorphism H,, (M, Z/2) = 7Z/2 and

Z if M is orientable

H.(M;Z) =
nl ) {O otherwise.

Proof. If M is not orientable, then I'(Mz) = 0, for suppose 0 # « € I'(Mgz) were some nontrivial
section. Then a(x) # 0 for all x € M because M is connected. Hence, for all x € M there is a unique
e € Hn(M,M \ {x};Z) such that «(x) = mp, for some m > 1. This would provide M with an
orientation. O

ExAMPLE 6.18. The manifolds S™, Ly, CP™ are orientable. The manifolds RP? and K? are not. More
generally, RP™ is orientable precisely for odd n.
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7 Poincaré Duality

If M is a closed R-orientable manifold, then there is an isomorphism H*(M;R) = H,,_(M;R). This
section will be devoted to a discussion of this fact.

DEerFINITION 7.1. The cap product is a bilinear pairing
N: Ck(X;R) ® CHX;R) — Cr_¢(X;R)

satisfying
oN@=q@(oole,...,e) - ooleg..., el

for simplices o: A — X and cochains @ € C*(X;R).
LEmMA 7.2. The cap product satisfies
done)=(—1)'0@cNne—onde).

Proof. We compute

doNe= Z (00 ey s€hservsert]) - 00 [egsns. ., ex] +
k
+ ) (-Dieloole,....e) - ooler....E.... el
i=r1
and
£+1
oNde = Z (00fegs vy €iyensersn]) - 00 [egise..,eid.

On the left hand side we have
Kk

done)=) (1) ‘ooley....ec - ooler,.... 6., e
i=¢
Summing all terms yields the claimed equality. O

COROLLARY 7.3. The cap product descends to a pairing
N: He(X;R) @ HY(X; R) — Hy_¢(X; R).

REMARK 7 4.
(i) There are relative versions

N: Hi (X, A;R) @ HY(X; R) — Hi—e(X, A;R)

and
N: Hi (X, A;R) @ HY(X, A;R) — Hy_¢(X;R)

of the cap product.
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(if) For f: X — Y one has the naturality
franN @ ="f(anNfe)
for & € Hi(X;R) and @ € HY(X;R).
THEOREM 7.5 (Poincaré duality). Let M be a closed, R—orientable manifold of dimension n. Fix an orien-
tation class upm € Hn (M;R). Then the map
D: H(M;R) “2 H, y (M;R)
is an isomorphism of R—modules.

For the proof of this result we need an additional tool. Let G be an abelian group and denote by
CK(X;R) C C¥(X;R) the subgroup of cochains ¢ which admit a compact subset K C X such that ¢
vanishes on chains in X \ K, i.e. such that @ € C*(X,X ~ K;R). Clearly, the boundary operator &
descends to C2(X;R).

DEFINITION 7.6. The cohomology HX(X;R) = H¥(C2(X; G)) is called the k" singular cohomology with
compact support.

REMARK 7.7. Singular cohomology with compact support defines a contravariant functor with respect
to proper maps f: X — Y, i. e. continuous maps f such that f~1(K) C X is compact for every compact
subset K C Y.

There is an alternative characterisation of compactly supported cohomology.

DEFINITION 7.8. A directed set is a partially ordered set I such that for any i,j € I there is some k € I
such that 1,j < k.

DEFINITION 7.9. A directed system of abelian groups is a functor | — Ab for some directed set I. More
explicitly, it is a family (A;)ie1 of abelian groups together with homomorphisms ¢;;: A; — A; for
i < j such that @ji o @i = @i for i <j < kand @y =1id.

DEeFINITION 7.10. Given a directed system (A;)icy, its direct limit colim;c1 A; is given by the quotient
C?gmAi = gAi/N
1

by the equivalence relation such that g; ~ g; if and only if there exists some k € I with k > 1,j and
@ik (9i) = @jk(gj). Any two equivalence classes [gi] and [g;] have representatives @i (gi) and @;i(g;)
respectively in a common group Aj. We set [gi] + [g5] = [@ik(9i) + @jx(g5)].

There is a natural system of homomorphisms A; — colim; A; and the direct limit satisfies the
following universal property: For any other system of homomorphisms 1;: A; — H such that every

diagram
Ai e A]‘
ﬂ’x /l’i
H
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commutes, there exists a unique homomorphism 1: colim; A; — H such that every diagram

Ai _— colimi Ai

wx %
H
commutes.

For a topological space X consider the directed set of all compact subsets K C X. For compact subsets
K C L there is a natural homomorphism H*(X, X N K; G) — H¥(X, X \ L; G) induced by the inclusion.
The inclusions (X,#) C (X, K) for all compact K C X induce a compatible system of homomorphisms
H¥(X,X N K; G) — HX(X; G). The universal property now supplies us with a natural homomorphism

colim  H*(X, X\ K;G) — H¥(X; G).
K C X compact
LEmMA 7.11. This map is an isomorphism.

Similarly, if X = [ J;<; X; is the union of a directed system (X;)ic1 of subspaces, then there is a natural
homomorphism colim; Hy (Xi; R) — Hy (X; G) induced by the inclusions X; — X.

LEMMA 7.12. If every compact subset K C X is contained in some X, then the natural homomorphism
colim; Hy (Xi; R) — Hy (X; R) is an isomorphism for all k.

If M is R-oriented—with a global R-orientation p—but possibly not compact, we can still define a
duality map
Dam: HE(M;R) — H, 1 (M;R)

as follows. For a compact subset K C M there exists a unique class px € H, (M, M \ K;R) restrict-
ing to p(x) in all points x € M by proposition 6.13. For K C M define a natural homomorphism
H*(M, M\ K; R) — Hy—(M; R) by mapping o to pux N «. In this way we obtain a compatible system
of homomorphisms and consequently a unique homomorphism Dy, : H¥(M;R) — Hy 1 (M;R). For
simplicity of notation we will drop the coefficient ring from the notation.

THEOREM 7.13. The duality map Dp: HX(M) — Hp_«(M) is an isomorphism for all k € Z.

LEmMA 7.14. Let (X,Y) = (A UB,CUD) be a pair of spaces such that X = A°UB°, Y =C°UD° CY
and C C A, D C B. Then there is a long exact sequence

. — H™(X,Y) — H"(A,C) ® H"(B,D) — H™(ANB,CND) - H* (X,Y) — ...
which arising as the long exact sequence associated to the short exact sequence
0 — C*(A+B,C+D) — C*(A,C)®C"(B,D) — C*(ANB,CND) — 0
LEMMA 7.15. If M =UUYV with U,V C M open, then there is a diagram

—— HfUNV) ——— H¥W) @ HX (V) ——— HK(M) —— HE Y UNV) ——

lDumv lDu—Dv JDM lDLlﬁV

— Hn,k(UﬂV) — ank(u) @ank(v) — ank(M) — ankfl(umv) —

with exact rows which commutes up to sign.
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Proof. Let K C UWand L C V be compact subsets and write M \ K = A and M \ L = B. Then there is
an exact sequence

...— H*M,AUB) — H*(M,A) ® H*(M,B) — H*(M,ANB) — H*"'\(M,AUB) — ...

and the composition of the excision isomorphism and the duality maps yields the diagram

—— H*(M,AUB) — H¥(M,A) ® H*(M,B) — H*(M,ANB) — H**'(M,AUB) —

lDumv iDu—Dv J/DM lDLlﬁV

— Hnk(UNV) — Hp (W) & Ho (V) —— Hpk(M) —— Hpea(UNV) —

with exact rows. Taking the direct limit, we obtain the result, once we have established that the diagram
is commutative up to sign. The only hard part in checking this is the square containing the boundary
homomorphisms. So take [@] € H*(M,M ~\ (KU L)) and some @a + @ € C¥(M,A) ® C¥(M,B)
such that po — @g = @. Then §pA = d@p and 5[@] = [6@a] € H* (M, M ~ (KN L)). It remains to
compute pgnL N[d@A]. Via barycentric subdivision we have uxnr = [od with & = L +aunv + vk
where «, € Cp, (o). Additionally, cynv represents puxnr and oy + cunv represents py, because for
example after restriction of uxyr the chains oy« 1 and oy become trivial and this restriction is pknr
by definition.

Therefore, uknr N [d@al is represented by ocynyv N d@ A which is homologous to dayny N @a. Going
the other way, the class uxyur N [@] is represented by o« N ¢ and

O(ukur N@) = PlauL N@)] =E£BauL N@ — oy NdP) =+daxyut NPa

because docy 1 N @ = 0 since @g vanishes on chains in B. Now, +0xy.1 N @A = Foaxunv N @A
since 0(ay~L + aunv) N @a = 0, for ay 1 + aunv represents px and therefore is a relative cycle in
(M, M \ K). O

Proof of theorem 7.13. Firstly, if M = UU V with U,V C M open and Dy, Dy and Dynyv are isomor-
phisms, then Dy, is an isomorphism as well by the previous lemma.

Secondly, if M = J;>, Ui is a union of an increasing chain U; C U, C ... of open subsets and
Dy, is an isomorphism for all 1, then Dy is an isomorphism, too: There are natural isomorphisms
HX(U;) = colimg H*(Uy, U; \ K) and an isomorphism colim; HX (U;) = HX(M).

The theorem can now be proved by first showing the case M = R™, then for M an open subset of R™
and then if M is a finite, then countable, then arbitrary union of open subsets, each isomorphic to R™.
We have HE(R™) = H*(D™,9D™) = H*(S™) and in this case the result is easy to see.

Let M be a closed topological manifold of dimension n with a fixed orientation class um € Hn (M;R).
THEOREM 7.16. Every closed topological manifold is homotopy equivalent to a finite CW—complex.
CoROLLARY 7.17. The homology H..(M) of a closed topological manifold M is finitely generated.

Hence, we may define the Betti numbers b;(M) = rkH;(M) and the Euler characteristic x(M) =
2 (=1)'bi(M).

THEOREM 7.18. If M is a closed manifold of odd dimension n, then x(M) = 0.
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Proof. First, let M be oriented. By the universal coefficients theorem we have a non-canonical isomor-
phism H¥(M; Z) = Hy. (M)/Hi(M)tor @ Hie_1(M)1or and Poincaré duality yields H,, (M) = H*(M; Z).
Hence, b, (M) = bx(M). This implies the claim for oriented M.

If M is not oriented, we still have H,, _(M;Z/2) = H*(M;Z/2) = H,(M; Z/2) and we may conclude

as above, if we prove
n

X(M) =) (=1)"dimy, Hi (M; Z/2),
i=0
Indeed, universal coefficients implies that Hy (M; Z/2) = Hy (M) ® Z/2 @ Tory (Hy_1(M), Z/2) and the
classification of finitely generated abelian groups allows us to conclude. O

For closed manifolds M of dimension n with a chosen orientation class uapt we may consider the

U-product pairing
H*(M;R) ® H* %(M;R) — R

given by the @ - = (@ UY)(um).
THEOREM 7.19.

(i) If R is a field, then this pairing is non—degenerate.

(ii) If R =Z, then the induced pairing

HE (M3 Z)/HY (M5 Z)ior @ HY (M3 Z)/H (M5 Z)or — Z
is non—degenerate.

LEMMA 7.20. We have (p UY) () = P(xN @) € R.
Proof. For{ € C*¥(M;R), @ € CY(M;R) and o: A¥** — X we have

P(oNe)=UP(p(ooleg,...,ed) oole,...,exl)
=@(ooleg,....ed) - W(ooleg...,ex]) = (@ U)(0). O

Proof of theorem 7.19. By the previous lemma we have (@ U{)(um) = W(pmNe) = (D(¢)). Consider
the composition

H™ % (M;R) = Homg (Hn_« (M), R) 2= Homg (H*(M;R), R).

Here, D* is an isomorphism by Poincaré duality and if R is a field, then h is an isomorphism. For R = Z
the map h is an isomorphism up to torsion. O

As an application of theorem 7.19 we can compute H*(CP™; Z) = Z[od /o™ ! with « in degree 2 and
H*(RP™;Z/2) = 7,/2[od /o™ with « in degree 1. For example, assume inductively that o' generates
H#%(CP™";Z) fori < n—1. On cohomology, the inclusion CP™! — CP™ induces isomorphisms
H*(CP™ 1, Z) = H¥(CP"; Z) for k < 2n — 2. Now, consider the U-product pairing

H2"2(CP™; Z) ® H?(CP™;Z) —> Z.

It is non-degenerate by theorem 7.19. Therefore «™!- o = +1 which implies that the class o™ generates
H2"(CP™; Z). The other calculation is similar.
If M has even dimension 2m, then the U-product pairing

q: Hm(M§Z)/Hm(M;Z)tor & Hm(MQZ)/Hm(M§Z)t0r —7Z

is called the intersection form. If mis odd, then U = (—1)™pUp = —PpUg, i.e. q is skew—-symmetric.
If m is even, then q is symmetric. In the latter case, we get another invariant c(M) = sgn(q)—the
signature of M.
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